| wor\(owl' g}(aw\ Tluu."—_“, 2011

= Exercisel - . -

Inagl= x5 = 1.37530

%6 = 1,36593 R.Ql?l‘ku" ;
7 =1.37009 |
§x7=x7-x6 H’\L;’LDL‘ ;
dx6 = %6 - X5 |
l:mbd:=d::c7/dx6 d«e L 15 Cplhull/Jl |

Quiag)= 1.3753 i
Quifs0= 1.365'9'_:3' o
Owf4i]= 1.37009
a1z 0,00416
43 —0,00937

o Quiiddi= -0.44397

De uitdmkkh_]ischat p—X_nydus x_n-p heeft net ander teken

Infds]= ) N
aitken = lambda / {1 - lambda)} * dx7
better = x7 + aitken - j

E Oulfds}= -0.00127905
—_

C  ousl 1.36881 |

- = et i i b e Y = e — e i
e Exercise 2
W7l £ = 4%kN2 4 yh2 -4; g=x+y-Sinlx-yl; Clmu“o 2k

inlagp= £x = D[£, X}
fy = D[£f, y]
gx = Dig, x]
gy = D[g, ¥]

[ |

sheet 6
Oulifi= 8 X IM é | |
g!fuui (1 + 3

Cul[49)= 2 ¥

RO TR

vt} 1 -Cos[x -y} -
Quist- 1 +Cos[x - y]

16{52)= Jact = {{fx, £y}, {gx, gy}}

MatrixForm|[Jacf)
Ouiszl {{8x, 2y}, {1-Cos[{x-v], L+Cos[x-¥v])])
CabslMatinifonm=

L8 2y -
a (1—Co,s[x—-i(] l+(fo§[x—y]) b 'E(I,OJ—’D o =] ey ' L/ .
£/ (% f.0.0)= Ve st = 1= (- ) g

WEsl= Jf = JacE /. {x - 1, y - 0}; z

MatrixForm[Jf] ~—~ |

MatrixForm[N[J£]]
A = ~Inverse[Jf);

Gulfg7EdahpFoin=

(1~C:s[l) 1+c2311] )

ousspbalnfoms. L p (Ei) -0
8.:  -.0. ) " -

"bp = (0L459698.1_-5903 o> T 4+ A (34‘ - D




2| tenti0t!_1.nb

W{573= JacG = Simplify[IdentityMatrix[2] + A.Jacf]
S8implify[JacG /. {x - 1, y ~» 0}]
JGp = JaecG /. {x ->0.9986, y -> -0,1055)})
eiv = E:.genvalues[JGp]
Abs{eiv}]
Norm [JGp, Infinity]

y -1+x-xCos[l] +Cos[x-y] y+4Cos[l]-yCos[l] -4Cos[x-v¥]

ouizrl= {{1-%, _-q—}, { .

1+Cos[l] 4 {1+cCos[1])

Oul[Bé]= {{0, 0}, {0, 0})
cuse= {{0.0014, 0.026375}, {-0.0590842, 0. 0507%48}})

csqun- (0.0260974 +0.0307958 1, 0.0260974 - 0.0307958 1}

Oulsti- {0.0403665, 0.0403665} Convtf%ed,m uerou lﬂzypmn Olbo!r‘ /’@[J

j(\a prff2=0. 109879 (7@\ ) e Al - W
Uld/ )(M-H Qa()(n

y) = Cd(_r)]

- ——
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 Exerc3

" a. LN interpFW 1, book
pz(g;) — (93—'2’:1)(;12—$2) (:1’,‘—1‘0)(:})—:172) (33—12())(:E—5!.‘1)

@o—a1)(@o—2) " " (w1—w0) (@1 -w2) | (w2—0)(T2—1)
b. LN interpF'W 10
P2(33) = flwxo) + (x — mo) flzo, 21] + (z — wo)(2 — a::_l)f[mg, o1, T

c LN iﬁterpFW 19, Unlike the form in a, the form in b ean be written in a
' nested way.
pa(2) = f(=zo) + (& — wo){ flwo, x1] + (& — 21) f[wo, 21, 22]}

So once all the divided differences are computed, which is in general O(n®)
work for O(n) interpolation points, it only costs n additions and multipli-
cations to evaluate the interpolating polynomial

. Exer(" -A,.. 'L egu_;&l ﬁL.‘Fl{ We ‘t@w /

chutgr FW aIN -/ ) \\

Ak:lljis::ﬁ' ’ /»§§

duv(wd [ecture \\
| \\\ \

t & b

a o
7 Avea o{:ectﬁu 3‘8@ HKD-
suck £ percywm Qe
b. We have I = I(h) + ch® + O(h®) and I = I(2h) + c8h® + O(h®). We have
to get rid of the O(h®) error term, which occurs by multiply the first by
@g 8 and subtract the second one. This gives 71 = 8I(h) — I(2h) + O(R®).
Dividing by 7 we obtain

oheek 2b. e _BI)—I(h) s
o I= "ttt 4+ O(h”)
Olwd weony oblovs 7
~ 7 8o an O(h®) approximation to I is given by (8I(h) — I(2h))/7.




Egel‘c 5

CL(BAU Fu a. The trapezium method is given by wny1 = Wr-+ALE(f (bny Wr )+ f a1y War1)),

hence we find
(n+1) (n) (n) {n+1)
S‘Lek{'g 2{-23 wy 1T o 17| wi™+w 1
+ 4| wy™ {n) +At2( -1 0 wi™ 4 Pt 22 )
with i

b. Apply the methods to the test equation y' = Ay. Forward Buler wyq1 =

Slteel’i 1,349 (1 + AtA)w,. The region of absolute stability is that part of the com-
(40 plex plane where |1+ z| < 1, hence z replaces AA¢. Similarly one finds

for backward Fuler method |1 — 2| > 1 and for the trapezium method

|2 + 2} < |2 — z|. The respective regions of absolute stability are interior

of circle with radius 1 and center -1, exterior of circle with radius 1 and .

center +1, the left half plane.

¢. We have to look to the eigenvalues of the matrix which are +4. At should

be such that AtA is in the domain. For Forward Euler there is no such

At for backward Euler any At can be taken. For the trapezium method

SL.EQ{S 21-23 we are on the boundary of the domain. So there is no amplification nor
damping of the error. This is acceptable in this case where the solution

also does not have damping nor amplification, So also for the trapezmm

method we may take any time step At.

Exercise 6
QMul a. For Jacobi method we have the splitting A = D + B where D is the
diagonal. -
3 00 0 -1 -1 1
shaet 3 02 0 |aua=—|-1 0 0 |z.+]1]
. 0 0 2 0o -1 ¢ 1
or
0 -1/3 —1/3 1/3 -
Tpp1=-—| —1/2 0 0 |an+ | 1/2
0 —1/2 1/2

b. The matrix in the rhs is also the Yteration matrix. The iteration converges
if the eigenvalues of this matrix are all tess than one in magnitude. One
SL\QC‘— & (3 can compute eigenvalues which may be rather nasty here, bui the spectral

radius is also bounded by the infinity norm of the matrix, which is clearly

2/3. Hence the method converges.

“c. For the Gauss Seidel method we find the iteration

3 o 0 0 -1 -1
-1 2 0 Lp41 = — 0 G 0 Ty +
sheek 10 0 -1 2 0 0 0
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-BExercise 7
a. LN chpdv: Use

h4 HH(

2 3
(i) = ules) & h'(m) + (@) %u’”(mg) 4 (2)..

Add the expression with the 4 to the expression with the - to get rid of

_ the first derivative term. Doing this also the third derivative cancels out.
 We get

. Rt
u(@ipr) + ul@mio) = 2u(z) + R () + ﬁuﬂ”(ﬂii)----

After rewriting one obtains the desired result

. — Oul. - 2
i) _ 'U(331+1) 'U:(a?;) ‘{“U(Ql'z 1) . h_uun(a:‘) 3.

Uaa (2 Ax? 12

°. The second argument £ does not play a role here.

. LN chpdv:1-4 book 11.3, 12.2.

dv; vipa(t) — 2ui(t) +vi—1(t)

— f — _
dt() £ A ori=1,.,m—-1 (1)
where v;(t) approximates u(z;,t). The initial condition is K (0) = sin{wiAz)
and the boundary conditions ve(t) = 0 and v, (t) = sin®(wt). This com-
pletes the discretization in space.

.. Next we apply the explicit Euler method to this system of equations. Let

wl = vi(nAt). Then we write

= 2wh +wl
nt+l .0 w1+1 3 i—1
wi T = 4+ Atk Ag?

with initial condition w{ = sin(wiAz) and boundary conditions wg§ = 0,
w?, = sin®(wnAt).

. LN chpdv: 7-8. book 12.3

For the forward Euler method there is a time step restnction, for the
backward Euler there is not.



